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We explore the eigenvalue statistics of a non-Hermitian version of the Su-Schrieffer-Heeger (SSH)
model, with imaginary on-site potentials and randomly distributed hopping terms. We find that
owing to the structure of the Hamiltonian, eigenvalues can be purely real in a certain range of
parameters, even in the absence of Parity and Time-reversal symmetry. As it turns out, in this
case of purely real spectrum, the level statistics is that of the Gaussian orthogonal ensemble, which
demonstrates a general feature that a non-Hermitian Hamiltonian whose eigenvalues are purely
real can be mapped to a Hermitian Hamiltonian which inherits the symmetries of the original
Hamiltonian. When the spectrum contains imaginary eigenvalues, we show that the density of
states (DOS) vanishes at the origin and diverges at the spectral edges on the imaginary axis. We
show that the divergence of the DOS originates from the Dyson singularity in chiral-symmetric one-
dimensional Hermitian systems and derive analytically the asymptotes of the DOS which is different
from that in Hermitian systems.
I. INTRODUCTION
Non-Hermitian Hamiltonians have been studied exten-
sively during the last couple of decades. This renewed
interest was triggered mainly by Bender and Boettcher’s
discovery that non-Hermitian Hamiltonians with Parity
and Time-reversal symmetry (PT symmetry) may have
purely real spectra [1]. (For a recent comprehensive re-
view on PT symmetry see [2].) Their work inspired nu-
merous studies of non-Hermitian systems, not only the-
oretically but also experimentally, that explore founda-
tions of non-Hermitian generalizations of quantum me-
chanics [3–10], spontaneous PT symmetry breaking [11–
26], non-Hermitian topological phases [27–38], to name
a few. PT symmetry is fragile in its response to in-
troducing arbitrary spatial disorder, unless the latter is
introduced in a parity symmetric manner. In contrast,
the more general class of pseudo-Hermitian systems [5–7],
whose definition does not necessarily include the parity
operation, are amenable to introducing disorder.
Non-Hermitian systems with randomness have been
studied in the context of Anderson localization [39–50],
low-energy QCD [51–58], and more [59–62]. The spectral
statistics of random Hermitian Hamiltonians usually ex-
hibits universal behavior, depending only on symmetries
of the system [63]. An interesting question then naturally
arises whether the spectral statistics of disordered non-
Hermitian Hamiltonians also exhibits universal behavior
[64–77].
In the present paper, we explore the spectral statis-
tics of the non-Hermitian disordered Su-Schrieffer-Heeger
(SSH) model. This model without disorder is one
of the most vigorously studied non-Hermitian models,
having its topological properties studied theoretically
[17, 32, 34–37] and experimentally [22, 23, 33]. In con-
trast, its spectral statistics has not received attention
thus far. The purpose of this paper is to fill in this gap.
We show that the spectrum in this model may be purely
real in a certain parameter region, despite breaking of
PT symmetry by disorder. Furthermore, by invoking
pseudo-Hermiticity of this model, we show that its level
statistics follows that of the Gaussian orthogonal ensem-
ble (GOE) [78] when all eigenvalues are real. To this end
we construct explicitly the generic similarity transforma-
tion from the non-Hermitian Hamiltonian with entirely
real spectrum to a Hermitian Hamiltonian, which inherits
the symmetries of the original Hamiltonian. Moreover,
we find that the density of states (DOS) becomes singu-
lar and diverges in the presence of imaginary eigenvalues
owing to the Dyson singularity [79].
This paper is organized as follows. In Sec. II, we in-
troduce the non-Hermitian SSH model with imaginary
on-site potentials. We present in Sec. III properties of
the eigenvalues, which we determine from the symmetries
and structures of the non-Hermitian Hamiltonian. Sec-
tion IV is devoted to discussing the level statistics in the
case of purely real spectrum after establishing a general
argument on the inheritance of symmetries. Based on
the properties of the model established in Sec. III, we
study the behavior of the DOS in the presence of imagi-
nary eigenvalues in Sec. V. Section VI gives a summary
of our results.
II. MODEL
The non-Hermitian SSH model that we consider here,
schematically depicted in Fig. 1, is described by the
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FIG. 1. The non-Hermitian SSH model. One unit-cell, en-
closed by a dashed square, contains two sublattices A (red)
and B (blue). While γ is independent of x, t1(x) and t2(x)
have random position-dependent values (which are suppressed
in the figure for brevity). There are N unit-cells in the chain,
and we have imposed periodic boundary conditions in the nu-
merical calculations.
Hamiltonian
H =H0 +Hγ , (1)
H0 =
∑
x
t1(x) |x,B〉 〈x,A|
+ t2(x) |x+ 1, A〉 〈x,B|+ h.c., (2)
Hγ =
∑
x
iγ |x,A〉 〈x,A| − iγ |x,B〉 〈x,B| , (3)
where A and B are sublattice indices in the x th unit-cell.
The system is comprised of N such unit cells. Through-
out this paper we assume periodic boundary conditions
x ∼ x + N , that is, the unit cells are arranged around
a ring. The Hermitian term H0, which consists of real
intra- and inter-unit-cell hopping coefficients {t1(x)} and
{t2(x)}, is the Hamiltonian of the conventional Hermitian
SSH model. The anti-Hermitian term Hγ , which makes
H non-Hermitian, describes on-site imaginary potentials
±iγ (γ ∈ R). In this basis, H is a symmetric matrix with
imaginary diagonal elements and real off-diagonal ones.
The present non-Hermitian SSH model can describe dy-
namics in single-mode waveguides or dielectirc microwave
resonators [17, 22, 23, 33]. We can express a state |φ〉 in
the Hilbert space as
|φ〉 =
∑
x,σ
φσ(x) |x, σ〉 , (4)
where φσ(x) is the wave-function amplitude at the σ (=
A,B) sublattice in the x th unit-cell.
The local hopping amplitudes t1(x) and t2(x) are iden-
tically and independently distributed, drawn from the
box distributions
t1/2(x) ∈ [t¯1/2 − w/2, t¯1/2 + w/2], (5)
where the real parameters t¯1/2 and w denote the mean
values of t1/2(x) and the width of the distribution, respec-
tively. With no loss of generality, we fix t¯2 = 1 in the fol-
lowing (and thereby set the scale of t1 and w). In the case
of no randomness w = 0, H is PT symmetric, namely
(PT )H(PT )−1 = H, with PT = ∑x |−x〉 〈x|σ1K,
where K is the complex conjugation operation and σ1 is
the appropriate standard Pauli matrix acting on the sub-
lattice index. This PT symmetry renders all the eigen-
values real as long as |t1 − t2| > γ, when w = 0 [34–37].
In the case w 6= 0, however, randomness of t1(x) and
t2(x) breaks the PT symmetry of H. Nevertheless, in
the next section we shall prove that the spectrum of the
disordered H may still be purely real, in some range of
parameters.
We conclude this section with the remark that it is
possible to generalize PT symmetry for our disordered
system by taking P to be a certain unitary involution op-
erator (not necessarily the parity operator) while main-
taining T = K, such that this generalized PT symmetry
ensures reality of the spectrum of H in a certain range of
parameters. However, there is no merit in doing so be-
cause the generalized P would depend on each random
realization of {t1(x)} and {t2(x)}; in other words, such a
generalized PT symmetry would be lost under averaging
over randomness.
III. PROPERTIES OF EIGENVALUES
In this section, we explain several interesting features
of the complex eigenvalues of the disordered Hamilto-
nian H, which result from its symmetries and structure.
Based on the classification made in Ref. [38], our Hamil-
tonian has three symmetries: time-reversal symmetry
HT = H, (6)
particle-hole symmetry
τ3H
∗τ3 = −H, (7)
and chiral symmetry
τ3Hτ3 = −H†, (8)
where τ3 = 1lx ⊗ σ3 with 1lx =
∑
x |x〉 〈x| and σ3 being
a Pauli matrix. Particle-hole symmetry (or equivalently,
chiral and time-reversal symmetry) implies that if |E〉 is
an eigenstate with eigenvalue E, then τ3|E〉∗ is an eigen-
state of H with eigenvalue −E∗. Thus, eigenvalues E
with Re(E) 6= 0 come in pairs (E,−E∗), which are sym-
metric with respect to the imaginary axis. In fact, we
shall show below that the eigenvalues of H are either
real or pure-imaginary.
In order to investigate properties of eigenvalues in more
detail, it is useful to write the eigenvalue equation for H
as
H
( |α〉
|β〉
)
= E
( |α〉
|β〉
)
, (9)
where |α〉 and |β〉 represent wave functions on the two
sublattices, as in |α〉 = [φA(1), · · · , φA(x), · · · , φA(N)]T
and |β〉 = [φB(1), · · · , φB(x), · · · , φB(N)]T, respectively.
In this basis, H0 and Hγ in Eqs. (2) and (3) are given by
H0 =
(
0 Ω
Ω† 0
)
, Hγ = iγτ3, (10)
3where the N × N real, lower-triangular random matrix
Ω is given by
Ωx,x′ = t1(x)δx,x′ + t2(x− 1)δx,x′+1 , (11)
and Ω† is of course its upper-triangular mirror image. For
the reader’s convenience, we display the unitary chiral
matrix
τ3 =
(
1lx 0
0 −1lx
)
, (12)
in this basis as well.
Let us digress briefly on the spectral properties of the
Hermitian SSH Hamiltonian H0 in Eq. (10). The matrix
H0 anti-commutes with τ3:
{H0, τ3} = 0. (13)
Thus, given an eigenstate |ψ˜+〉
H0 |ψ˜+〉 = H0
( |α˜〉
|β˜〉
)
= E0
( |α˜〉
|β˜〉
)
(14)
of H0 with (real) eigenvalue E0,
|ψ˜−〉 = τ3 |ψ˜+〉 (15)
is another eigenstate of H0 corresponding to eigenvalue
−E0. The non-zero eigenvalues of H0 come in pairs ±E0.
Furthermore, it follows from Eq. (14), for the compo-
nents of |ψ˜+〉, that
ΩΩ† |α˜〉 = E20 |α˜〉 , Ω†Ω |β˜〉 = E20 |β˜〉 , (16)
and
Ω† |α˜〉 = E0 |β˜〉 , Ω |β˜〉 = E0 |α˜〉 . (17)
Thus, the positive matrices ΩΩ† and Ω†Ω are isospectral.
For E0 6= 0, the respective eigenstates |α˜〉 and |β˜〉 are
related by Eq. (17). For the components of |ψ˜−〉, just
flip the sign of E0, or equivalently, of |β˜〉, in Eq. (17).
Depending on the realization of disorder, H0 may also
have a doubly-degenerated zero eigenvalue E0 = 0, with
corresponding eigenstates
|ψ˜0±〉 =
( |α˜0〉
± |β˜0〉
)
, |ψ˜0−〉 = τ3 |ψ˜0+〉 , (18)
re Ω |β˜0〉 = 0 and Ω† |α˜0〉 = 0, with both |α˜0〉 6= 0 and
|β˜0〉 6= 0. This is because |E0| is a singular value of Ω
(and Ω†) according to Eq. (16). Thus, if E0 = 0, Ω
has a zero eigenvalue, with corresponding right- and left-
eigenstates |β˜0〉 and |α˜0〉, even if it is not diagonalizable.
We can combine, of course, the two null eigenstates in Eq.
(18) of H0 into the two combinations |ψ˜0+〉±|ψ˜0−〉, which
are simultaneous eigenstates of τ3. For periodic bound-
ary conditions, this strict isospectrality of ΩΩ† and Ω†Ω,
including zero modes (should they exist), persists also in
the continuum limit (that is, N →∞, assuming the sys-
tem makes a ring of some fixed length), corresponding to
supersymmetric quantum mechanics [80].
We shall now resume our discussion of the full non-
Hermitian Hamiltonian H. From Eqs. (1), (10), and
(13), it follows that
H2 =
(
ΩΩ† − γ21lx 0
0 Ω†Ω− γ21lx
)
= H20 − γ21l, (19)
where 1l = 1lx ⊗ 1l2. Equation (19) means that the eigen-
values of H, E (∈ C), are given by the eigenvalues of H0,
E0 (∈ R), as in
E = ±
√
E20 − γ2. (20)
Actually, up to overall normalization, we can write ex-
plicitly the eigenstates of H in Eq. (9), with eigenvalues
±
√
E20 − γ2, in terms of the corresponding eigenstates of
H0 with eigenvalues ±E0 in Eqs. (14)-(15) as
|α〉 =
(
iγ ±
√
E20 − γ2
)
|α˜〉 , |β〉 = Ω† |α˜〉 . (21)
Continuity at γ = 0 (where H coincides with H0) means
that the positive (negative) root in Eq. (21) gives the
eigenstate of H obtained from |ψ˜+〉 (|ψ˜−〉).
The doubly degenerate eigenvalue E0 = 0 of H0,
should it exists, is split by the term iγτ3 in H into the
pair of eigenvalues E = ±iγ, which are the eigenvalues
of H with the largest and smallest imaginary parts.
Since H0 does not include γ, E0 is independent of γ
and is determined only by {t1(x)} and {t2(x)}. We can
therefore understand the behavior of eigenvalues E with
increasing γ in the following way. In order to give clear
explanation, hereafter in this section, we use En and E0,n
for the n th eigenvalue of H and H0, respectively.
1. When γ = 0 and hence H = H0, the spectrum of
the Hermitian SSH model is on the real axis and
symmetric with respect to the origin, possibly with
a gap around the origin as in Fig. 2 (a). As we
turn on γ, eigenvalues ±|En| of H on the real axis
move toward the origin from right and left as in
En = ±
√
E20,n − γ2 and the gap around the origin
±∆E0 = ±min(|E0,n|) at γ = 0, if any, becomes
narrower as in ∆E = ±√(∆E0)2 − γ2 [Fig. 2 (b)].
2. As γ is increased, a pair of eigenvalues of the origi-
nal values ±E0,n meet at the origin when E0,n = γ
[Fig. 2 (c)], and become pure imaginary as in En =
±i
√
γ2 − E20,n [Fig. 2 (d)]. The point E0,n = γ is
an exceptional point, where the two eigenstates be-
come parallel to each other, and hence the matrix
rank decreases by one.
3. The eigenvalues continue to move up and down
on the imaginary axis as in En = ±i
√
γ2 − E20,n,
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FIG. 2. Schematics that show the spectral change of the non-
Hermitian SSH model in Eq. (10) due to the increase of γ.
Blue solid lines and green arrows represent eigenvalues and the
direction to which eigenvalues shift with increasing γ, respec-
tively. (a) The spectrum for the Hermitian case γ = 0; series
of eigenvalues on the real axis with a possible gap ±∆E0. (b)
As we turn on γ, the gap around the origin is narrowed. (c) At
the point ∆E0 = γ, the gap closes. (d) The eigenvalues that
reached the origin move onto the imaginary axis and away
from the origin to up and down. (e) All eigenvalues are now
on the imaginary axis. (f) A gap opens up on the imaginary
axis.
which is shown in Fig. 2 (e). Increasing γ, all eigen-
values eventually move onto the imaginary axis,
and then a gap ±i√γ2 −max(E0,n)2 opens up on
the imaginary axis as in Fig. 2 (f).
Figure 3 shows numerically obtained eigenvalues E for
the non-Hermitian SSH model with randomness. In Fig.
3, (a-1), (a-2), and (a-3) correspond to (a), (b), and (d)
in Fig. 2. Even when γ 6= 0 and H is non-Hermitian,
all the eigenvalues of H are real as long as the real line
gap around E = 0 exist, as shown in Fig. 3 (a-2). With
increasing γ, the gap is narrowed and pure imaginary
eigenvalues appear after closing the gap [Fig. 3 (a-3)].
The right column, (b-1), (b-2), and (b-3) in Fig. 3 re-
spectively correspond to (a), (b), and (f) in Fig. 2 with
∆E0 = 0. In this case, pure imaginary eigenvalues exist
with any non-zero γ [Fig. 3 (b-2)]. As γ is increased,
all eigenvalues become imaginary and the imaginary line
gap is opened as shown in Fig. 3 (b-3). In both cases of
∆E0 6= 0 and ∆E0 = 0, the imaginary part of En cannot
be larger than |γ| and smaller than −|γ|, which results
from Eq. (20).
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FIG. 3. Eigenvalues of H when N = 360 and periodic bound-
ary conditions are imposed, with (a) t¯1 = 1.3, t¯2 = 1.0, w =
0.35, and (b) t¯1 = 1.0, t¯2 = 1.0, w = 0.7. In the left column,
the values of γ are (a-1) γ = 0.0, (a-2) γ = 0.1, and (a-3)
γ = 0.5. In the right column, γ is varied as (b-1) γ = 0.0,
(b-2) γ = 0.3, and (b-3) γ = 2.4.
IV. THE LEVEL STATISTICS WHEN
ALL THE EIGENVALUES ARE REAL
When the eigenvalues are entirely real as in Fig. 2
(b), we can show that the level statistics of the non-
Hermitian SSH model obeys that of the GOE. To this
end, we use a general fact that a non-Hermitian diag-
onalizable Hamiltonian H with entirely real eigenvalues
can be transformed into a Hermitian Hamiltonian H˜ by
using a similarity transformation. Proving an inheritance
of symmetries from H to H˜, we discuss implications of
these inherited symmetries for the level statistics of H.
Then, we support our theoretical predictions by numeri-
cal simulations.
A. inheritance of symmetries: general properties
The real eigenspectrum of a diagonalizable non-
Hermitian Hamiltonian H is determined by
H |ψn〉 = En |ψn〉 , H† |χn〉 = En |χn〉 , En ∈ R, (22)
where |ψn〉 and |χn〉 are the right- and left-eigenstates
corresponding to the real eigenvalue En. We henceforth
5assume a non-degenerate spectrum. The set of all these
eigenstates comprises a bi-orthogonal basis, namely, they
satisfy bi-orthonormality 〈χn|ψm〉 = δnm and complete-
ness
∑
n |ψn〉 〈χn| =
∑
n |χn〉 〈ψn| = 1l, where 1l is the
identity operator. The spectral decomposition of H is
H =
∑
n
En |ψn〉 〈χn| . (23)
In terms of these vectors, we can define a positive-
definite Hermitian operator
η =
∑
n
|χn〉 〈χn| , (24)
and its inverse
η−1 =
∑
n
|ψn〉 〈ψn| , (25)
which transform H to H† [5–7] as in
ηHη−1 = H†. (26)
This property of H, namely, that it is related to its Her-
mitian adjoint by a positive-definite similarity transfor-
mation, is sometimes referred to as pseudo-Hermiticity.
(An alternative nomenclature is quasi-Hermiticity.) We
can thereby transform the non-Hermitian Hamiltonian H
into a Hermitian Hamiltonian H˜,
H˜ = η1/2Hη−1/2, (27)
where we used the fact that η is Hermitian and positive-
definite, from which it follows that the similarity trans-
formation η1/2 is Hermitian as well. We can confirm that
H˜ is Hermitian as in
H˜† = η−1/2H†η1/2 = η−1/2ηHη−1η1/2 = H˜, (28)
which is ensured by Eq. (26) and the Hermiticity of
η±1/2. The similarity transformation in Eq. (27) im-
plies that H and H˜ are isospectral.
We can prove that the Hermitian Hamiltonian H˜ inher-
its the symmetries of the non-Hermitian Hamiltonian H
if all eigenvalues ofH are real and not degenerate. To this
end, we first summarize the symmetries used in the classi-
fication of non-Hermitian topological phases [38]. In the
case of Hermitian Hamiltonians, time-reversal, particle-
hole, and chiral symmetries are defined as
T H˜∗T −1 = H˜, (29)
CH˜∗C−1 = −H˜, (30)
ΓH˜Γ−1 = −H˜, (31)
respectively. The symmetry operators T , C, and Γ are
unitary operators which are constrained such that T T ∗
and CC∗ are either +1l or −1l, and Γ2 = 1l. In the
case of non-Hermitian Hamiltonians, the time-reversal
and particle-hole symmetries ramify into two branches,
namely AZ and AZ† symmetries [38], owing to the differ-
ence of transposition and complex conjugation for non-
Hermitian Hamiltonians: HT 6= H∗. In the AZ symme-
try class, they are defined as
T H∗T −1 = H, (32)
CHTC−1 = −H, (33)
ΓHΓ−1 = −H†, (34)
while in the AZ† class they are defined as
T HTT −1 = H, (35)
CH∗C−1 = −H, (36)
ΓHΓ−1 = −H†. (37)
In addition, the sublattice symmetry, which is equivalent
to the chiral symmetry for Hermitian Hamiltonians, is
now distinguished from the chiral symmetry because of
the absence of Hermiticity H 6= H†,
SHS−1 = −H, (38)
where S is a unitary operator satisfying S2 = 1l.
Next, we explain how the Hermitian Hamiltonian H˜
inherits the symmetries of the non-Hermitian Hamilto-
nian H. As a concrete example, we shall focus on time-
reversal symmetry in the AZ† class in Eq. (35) and the
corresponding one in Hermitian case in Eq. (29). From
Eqs. (22) and (35), and from the assumption of non-
degeneracy of the spectrum, we can see that |ψn〉 and
|χn〉 must satisfy
T |ψn〉∗ = κn |χn〉 (39)
for real En, where κn is a constant. We can choose
the normalization constants of |ψn〉 and |χn〉 such that
|κn|2 = 1. Equations (24), (25), and (39) then imply
T (η−1)∗T −1 = η, T (η∗)−1/2T −1 = η1/2, (40)
because η is Hermitian and positive definite. By using
Eqs. (27), (28), (35), and (40), we can deduce that
T H˜∗T −1 = T (H˜†)∗T −1
= T (η−1/2)∗T −1T HTT −1T (η1/2)∗T −1
= η1/2Hη−1/2 = H˜, (41)
where we have also made use of T T ∗ = ±1l. Thus, we
have proved that H˜ satisfies the relation for the time-
reversal symmetry in Eq. (29) with the same symmetry
operator T of Eq. (35). By following similar procedures,
we can also prove inheritance of all symmetries in Eqs.
(32)-(38) from H to H˜.
B. numerical confirmation
Now, we focus on the non-Hermitian SSH model H
in Eq. (1). From Eqs. (6)-(8) and (35)-(37), we infer
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FIG. 4. (a) The localization length ξ for the Hamiltonian H
with the same parameters as in Fig. 3 (a-2): γ = 0.1, t¯1 =
1.3, t¯2 = 1.0, and w = 0.35. The system size is N = 240
and the number of ensembles is 50 000. The horizontal solid
line represents ξc = 20 = N/12. We take the data in the
range of E between the two vertical broken lines, namely,
0.31 ≤ E ≤ 1.94. (b) Examples of eigenstates |ψ(x)|2 =
|ψA(x)|2+|ψB(x)|2. (b-1) An eigenstate with E ' 2.10, which
is regarded as a localized state. (b-2) An eigenstate with
E ' 1.29, which is regarded as an extended state.
that the non-Hermitian Hamiltonian H belongs to the
BDI† class, with T = 1l = 1lx ⊗ 1l2, C = τ3 = 1lx ⊗ σ3,
and Γ = τ3 = 1lx ⊗ σ3. As long as all eigenvalues are
real, H can be transformed into the Hermitian Hamil-
tonian H˜ by Eq. (27). As explained above, H˜ inherits
and retains the symmetries of H, namely, time-reversal,
particle-hole, and chiral symmetries. In particular, time-
reversal symmetry ofH in Eq. (6) implies H˜∗ = H˜, which
means that H˜ is a real symmetric matrix. It is known
that the level statistics of real symmetric random matri-
ces obeys that of the GOE when eigenstates are extended
[63]. Therefore, as long as all eigenvalues of H are real,
the level statistics of H obeys that of the GOE as well,
when we focus on extended eigenstates whose eigenvalues
are not too close to the origin.
Here, we confirm this conclusion by numerical cal-
culation of the level-spacing distribution. The present
system is a one-dimensional random system and hence
almost all eigenstates should be localized in the infinite
system. However, in finite systems, eigenstates whose lo-
calization lengths are comparable to the system size can
be regarded as extended states. We therefore evaluate
the eigenvalue dependence of the localization length ξ in
order to find the E range of extended eigenstates. To this
end, we assume exponential localization of the eigenstate
as
ψσ(x) ∝ exp
(
−|x|
ξ
)
, (42)
where ψσ(x) represents the wave-function amplitude at
the sublattice σ = A,B in the x th unit cell of the right
10
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FIG. 5. The level-spacing distribution P (s) are plotted as
green dots with γ = 0.1, t¯1 = 1.3, t¯2 = 1.0, and w = 0.35,
corresponding to the parameters in Fig. 3 (a-2). The system
size is N = 240 and the number of ensembles is 50000. The
red broken line indicates the level-spacing distribution of the
GOE in Eq. (45). In the inset, P (s) near s = 0 is depicted in a
logarithmic scale, where the blue solid line indicates P (s) ∝ s.
eigenstate |ψ〉. Using Eq. (42) and assuming N → ∞, ξ
is calculated by
ξ =
I21
4I2
, (43)
where the inverse participation ratio Im (m = 1, 2) is
defined as
Im =
∑
x,σ
|ψσ(x)|2m. (44)
We note that ξ defined in Eq. (43) does not depend on
the normalization constant.
Figure 4 shows the results of numerical calculations
with the same parameters as in Fig. 3 (a-2). In Fig. 4
(a), the localization length ξ is plotted as a function of
E. In order to take eigenstates which can be regarded
as extended states, we focus on the range of E in which
ξ ≥ ξc = 20 = N/12 is satisfied, as shown in Fig. 4 (a).
Two examples of eigenstates in an ensemble given in Fig.
4 (b) indeed show that one out of the range in (b-1) is
regarded as a localized state and the other in the range
in (b-2) is regarded as an extended state. We obtained
the level-spacing distribution P (s) from all eigenvalues
in this range of E for 50 000 samples. The normalized
level spacing s is defined as s = δE/〈δE〉, where δE is
the absolute difference of adjacent eigenvalues and 〈δE〉
is the mean value of δE averaged over ensembles and the
range of E. The obtained level-spacing distribution P (s)
agrees well with that of the GOE [78],
P (s) =
pis
2
exp(−pis2/4), (45)
as is observed in Fig. 5. We thereby confirm that the
level statistics of the non-Hermitian SSH model whose
7eigenvalues are entirely real obeys that of the GOE.
We note that, the strength of randomness w should be
set to an intermediate value. On one hand, if the value of
w were too large, all of the eigenstates would be localized
even in finite systems and the level statistics would be the
Poisson distribution. On the other hand, if the value of
w were too small, the level statistics would be similar to
that of the clean system without randomness.
V. THE DOS WHEN PURE IMAGINARY
EIGENVALUES EXIST
In this section, we study spectral properties in the case
that H0 is gapless (∆E0 = 0) and eigenvalues of H par-
tially become pure imaginary at a finite value of γ, cor-
responding to Fig. 2 (d) and Fig. 3 (b-2), thereby the
argument in Sec. IV cannot be applied. We focus on the
DOS choosing the parameters so that the spectrum of H0
can become gapless at E0 = 0 (∆E0 = 0). Figure 6 is the
DOS obtained numerically: Figure 6 (a) and (b) respec-
tively show the DOS of the eigenvalues on the real and
imaginary axes, ρR(ER) and ρI(EI), by taking into ac-
count the fact that eigenvalues are either real ER (∈ R)
or pure imaginary iEI (∈ iR), as explained in Sec. III.
The DOS is normalized in the whole range of E as in∫ ∞
−∞
ρR(ER)dER +
∫ γ
−γ
ρI(EI)dEI = 1. (46)
We find that the DOS exhibits two distinct features.
First, ρI(EI) diverges at EI = ±γ in Fig. 6 (b). Second,
both ρR(ER) and ρI(EI) vanish at the origin as shown
in Fig. 6 (a) and (b), respectively.
The discussion in Sec. III explains these features. Us-
0
0.1
0.2
0.3
0.4
-3 -2 -1 0 1 2 3
(a) (b)
0
1
2
3
4
5
6
-0.4 -0.2 0 0.2 0.4
0
0.1
0.2
-0.2 -0.1 0 0.1 0.2
FIG. 6. Green dots represent the DOS for the Hamiltonian H
with γ = 0.3, t¯1 = 1.0, t¯2 = 1.0, and w = 0.7, corresponding
to the parameters in Fig. 3 (b-2). Here, (a) ρR(ER) denotes
the DOS of the eigenvalues on the real axis ER, while (b)
ρI(EI) denotes the one on the imaginary axis EI where the
inset is the DOS near the origin. The system size is N = 300
and the number of ensembles is 200000. Note that, the bin
size for the plot of the DOS in Fig. 6 is 10−3 for both ER and
EI , different from that in Figs. 7 and 8.
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FIG. 7. The DOS ρI(EI) with the same parameters as Fig.
6 are plotted as green dots near EI = γ = 0.3 where the
bin size is 10−4. The red broken line represents ρI(EI) =
µ|EI |/(λ2 − E2I )| ln(ν
√
λ2 − E2I )|3, where fitting parameters
are µ = 0.0630± 0.0013, ν = 3.04± 0.07, and λ = 0.29999±
0.00023. While the value of λ should be γ = 0.3, it is slightly
shifted from 0.3 due to finite size effects.
ing the DOS of H0, ρ˜(E0), we write the DOS of H as
ρR/I(ER/I) = ρ˜(E0)
∣∣∣∣ dE0dER/I
∣∣∣∣ . (47)
According to Eqs. (20) and (47), we can derive relations
ρR(ER) = ρ˜
(√
E2R + γ
2
) |ER|√
E2R + γ
2
, (48)
ρI(EI) = ρ˜
(√
γ2 − E2I
) |EI |√
γ2 − E2I
. (49)
We elaborate the above features by using Eqs. (48) and
(49). First, the divergence of ρI(EI) at EI = ±γ origi-
nates from the Dyson singularity of the DOS of the Her-
mitian Hamiltonian H0 in Eq. (10), which has chiral
symmetry
τ3H0τ3 = −H0. (50)
In chirally symmetric one-dimensional Hermitian sys-
tems, when we adjust the system parameters so that the
spectrum of H0 may be gapless at E0 = 0, the DOS di-
verges at the gapless point. This is known as the Dyson
singularity, whose functional form is
ρ˜(E0) =
µ
|E0[ln(ν|E0|)]3| , (51)
around E0 = 0 [79, 81–83], where the parameters µ and
ν depend on details of the system. As was shown in Sec.
III, the point E0 = 0 in the spectrum of H0 is shifted
to the points E = ±iγ in the spectrum of H. Hence the
Dyson singularity, the divergence of ρ˜(E0 = 0), produces
the divergence of ρI(±γ) of the form
ρI(EI) =
µ|EI |
(γ2 − E2I )| ln(ν
√
γ2 − E2I )|3
, (52)
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FIG. 8. The DOS around E = 0 with the same parameters
and bin sizes as Fig. 7. (a) ρR(ER) on the real axis ER and
(b) ρI(EI) on the imaginary axis EI are plotted as green dots.
The blue broken lines indicate ρR/I(ER/I) = |E|.
on the imaginary axis, which we find using Eqs. (49)
and (51). Figure 7 shows ρI(EI) which we numerically
obtained. The numerical result agrees well with Eq. (52).
Next, for E ' 0, we have
ρR/I(ER/I) ' ρ˜(γ)
∣∣∣∣ER/Iγ
∣∣∣∣ . (53)
Since there is no other divergences in ρ˜(E0) except at
the origin, both ρR(ER) and ρI(EI) vanish linearly as
|ER/I |, which is numerically demonstrated in Fig. 8.
VI. SUMMARY
We have explored statistical properties of eigenvalues
of a non-Hermitian SSH model with randomly distributed
hopping terms. This model may describe experimental
settings in which single mode waveguides or dielectirc
microwave resonators with gain and loss are randomly
arranged on a line [17, 22, 23, 33]. We have proved that
the eigenvalues of H can be entirely real in the absence
of PT symmetry owing to the structure of the Hamilto-
nian.
Furthermore, we have shown that the level statistics
of the effectively extended eigenstates obeys that of the
GOE when all eigenvalues are real. This is so because
in this case the Hamiltonian H is mapped to a Hermi-
tian Hamiltonian H˜ by positive-definite similarity trans-
formation. Thus, H˜ inherits all symmetries of H when
the eigenvalues of the non-Hermitian Hamiltonian H are
entirely real. The latter statement is generic, and our
model reaffirms its veracity as a particular example.
We have also studied the DOS when pure imaginary
eigenvalues exist. There are two distinct features: First,
the DOS increases along the imaginary axis and diverges
at E = ±iγ, and second, the DOS decreases linearly
toward the origin and vanishes at E = 0. We have ex-
plained both features using a relation between the Hermi-
tian Hamiltonian H0 and the non-Hermitian Hamiltonian
H. In particular, we have demonstrated that the Dyson
singularity of the DOS of the Hermitian system due to
its chiral symmetry is the reason for the divergence of
the DOS of the non-Hermtian H at E = ±iγ. This is
the first study discussing the Dyson singularity in non-
Hermitian systems. It should be interesting to explore
other singularities in non-Hermitian random systems.
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